The electron and muon number violating muonium-antimuonium oscillation process in an extended Minimal Supersymmetric Standard Model is investigated. The Minimal Supersymmetric Standard Model is modified by the inclusion of three right-handed neutrino superfields.
Introduction
The time-dependent oscillation between two distinct levels or particle species is an interesting quantum mechanical phenomenon which has been widely studied in many physical systems varying from a particle moving in a double-well potential of the ammonia molecule to oscillations in the neutral K 0 −K 0 and B 0 −B 0 meson systems [1] - [3] . It was suggested roughly 50 years ago [4] that there may be a spontaneous conversion between muonium and antimuonium resulting in an associated oscillation effect. Muonium (M) is the Coulombic bound state of an electron and an antimuon (e − µ + ), while antimuonium (M) is the Coulombic bound state of a positron and a muon (e + µ − ). Since it has no hadronic constituents, muonium is an ideal place to test electroweak interactions. Of particular interest is that such a muonium-antimuonium oscillation is totally forbidden within the Standard Model because the process violates the individul electron and muon number conservation laws by two units. Hence, its observation will be a clear signal of physics beyond the Standard Model. Since the initial suggestion, experimental searches have been conducted [5] - [6] and a variety of theoretical models have been proposed which can give rise to such a muonium-antimuonium conversion. These include interactions which can be mediated by (a) a doubly charged Higgs boson ∆ ++ [7, 8] , which is contained in a left-right symmetric model, (b) massive Majorana neutrinos [9, 10, 11] , or (c) the τ-sneutrino in an R-parity violation supersymmetric model [12] .
In this paper we consider the muonium-antimuonium oscillation process in the Minimal Supersymmetric Standard Model extended by the inclusion of three right-handed neutrino superfields.
While the neutrino mass terms can mix inter-generationally, we allow only intra-generation lepton number violation but not inter-generation lepton number mixing for the sneutrino and slepton mass terms. In this model, there are intermediate states which can contribute to the muoniumantimuonium oscillation process but not to the µ → eγ decay. Therefore, the experimental limit on muonium-antimuonium oscillations can be used to constrain those model parameters which are not constrained by the µ → eγ decay bounds. In order for there to be a nontrivial mixing between the muonium and antimuonium, the individual electron and muon number conservation must be violated by two units. Such a situation will result provided that the neutrinos are massive Majorana particles or the mass diagonal sneutrinos are lepton number violating scalar particles.
The extended Minimal Supersymmetric Standard Model
The Minimal Supersymmetric Standard Model (MSSM) is the supersymmetric extension of the (2 scalar doublet) Standard Model with the minimal particle content [13] . For each particle, there is a superpartner with the same internal quantum numbers, but with spin that differs by half a unit. In the subsequent analysis, we will recast all the spin 1 2 fields as 4-component Dirac spinor fields, which will be represented using the same symbols, but without the dotted and undotted "α"s.
Tab. 1 lists all the chiral supermultiplets needed for MSSM,

Names
For example, ν Lα is the Weyl representation of the left-handed neutrino field, while
is the Dirac field.
In order to implement the see-saw mechanism [14] for neutrino masses, we consider an extension of the MSSM, where one adds three additional gauge singlet chiral superfields N c i (i=e, µ, τ denotes the generation), whose θ-component is a right-handed neutrino field,
where
These S U(3) × S U(2) L × U(1) singlet superfields are coupled to other MSSM superfields via the superpotential. We employ the most general R-parity conserving renormalizable superpotential so that the superpotential is
while the relevant soft supersymmetry breaking terms are
The interaction terms that contribute to the muonium-antimuonium oscillation and the electron and muon anomalous magnetic moments can be extracted from the Lagrangian of this extended
1 2 fields are Dirac spinor fields. In particular, note that the field h − B has the Weyl field decomposition
The parameters V B and V T are the vacuum expectation values of the two Higgs fields: < h 0 B >= V B and < h 0 T >= V T . These VEVs are related to the known mass of the W boson and the electroweak gauge couplings as
while the ratio of the VEVs is traditionally written as
In the above, m i j D = λ ′ i j V T is the Dirac mass matrix of neutrinos and m i are the lepton masses. Since the masses of electron and muon are small, the terms which have couplings proportional to m i /V B in interactions (9) and (10) are severely suppressed and will be ignored in the subsequent analysis.
The neutrino mass term can be extracted from the superpotential terms
The neutrino mass term then takes the form
where m νa are the Majorana neutrino masses. 
while the other three eigenvalues are roughtly
This constitutes the so called see-saw mechanism [14] and provides a natural explanation of the smallness of the three light neutrino masses. Moreover, the elements of the mixing matrix are
In order to obtain the sneutrino masses, it's convenient to defineν iL = 1 √ 2 (ν iL1 + iν iL2 ) and
. Then, the sneutrino-squared mass matrix separates into CP-even and CPodd blocks [15] ,
where φ i a ≡ (ν iLaνiRa ) and M 2 ν i j ± consist of the following 2 × 2 blocks:
with A i j and B i j are SUSY breaking parameters (cf. Eq. (4)). Since we allow only intra-generation lepton number violation but not inter-generation lepton number mixing for the supersymmetric partners, we can arrange the parameters in matrices (24) so that M 2 ν i j ± = 0 for i j. So doing, the sneutrino mass term simplifies into three 4 × 4 matrices for three generations
The sneutrino mass matrix M 2 ν ii is real and symmetric, so it can be diagonalized by a real orthog-
where U i is in a form as
This diagonalization is implemented via the basis change on φ i 1 and
whereν ia are all real. Then the sneutrino mass term takes the form
where m˜ν i a are the sneutrino mass eigenvalues. In the following derivation we assume that M ii R is the largest mass parameter. Then, to the first order in 1/M ii R , the two light mass eigenvalues are roughly
while the two heavy mass eigenvalues are
To avoid excessive complication in our calculations, we expand U i in powers of the matrix
The form of U to first order of ξ i is
The slepton mass term is given by
where (m
(m
In analogy to the sneutrino mass term, we can arrange the parameters in Eq. 
Since
Because the masses of electron and muon are very small compared with the sparticle mass scale, we ignore these off diagonal terms and considerl iL andl iR as mass eigenstates.
Inserting the transformation (18) and (28) in the interaction terms (5)- (9) yields the explicit interactions in their mass basis:
The muonium-antimuonium oscillation in the EMSSM
The lowest order Feynman diagrams accounting for muonium and antimuonium mixing are displayed in Fig.1 . 
whereμ (3) 
with
The T-matrix elements of graphs (c) and (d) are [11] 
The functions G(x ν a ) and K(x ν a , x ν b ) take the forms
The T-matrix elements of graphs (e) and (f) are
Finally, the T-matrix elements of graphs (g) and (h) are
The effective Lagrangian
Combining all the T-matrix elements, we secure an effective Lagrangian which can be cast as:
Muonium (antimuonium) is a nonrelativistic Coulombic bound state of an electron and an anti-muon (positron and muon). The nontrivial mixing between the muonium ( |M > ) and antimuonium (|M >) states is encapsulated in the effective Lagrangian of Eq. (58) and leads to the mass diagonal states given by the linear combinations
Since the neutrino sector is expected, in general, to be CP violating, these will be independent, complex matrix elements. If the neutrino sector conserves CP, with |M > and |M > CP conjugate states, then M MM = MM M and ǫ = 0. In general, the magnitude of the mass splitting between the two mass eigenstates is
Since muonium and antimuonium are linear combinations of the mass diagonal states, an initially prepared muonium or antimuonium state will undergo oscillations into one another as a function of time. The muonium-antimuonium oscillation time scale, τM M , is given by
We would like to evaluate |∆M| in the nonrelativistic limit. A nonrelativistic reduction of the effective Lagrangian of Eq. (58) produces the local, complex effective potential
Taking the muonium (anitmuonium) to be in their respective Coulombic ground states, φ 100 (r) = 
Thus we secure an oscillation time scale
Estimate of the effective coupling constant
The present experimental limit [6] on the non-observation of muonium-antimuonium oscillation translates into the bound
where G F ≃ 1.16 × 10 −5 GeV −2 is the Fermi scale. This limit can then be used to construct some constraints on the parameters of this model. 
case 2:
Taking M R as the largest mass parameter, the first case and the third case are comparable, while the second one is suppressed by a factor m 4 D /(M 2 R M 2 W ). Therefore, the contribution from graphs (a), (b), (c) and (d) is roughly
The second term in Eq. (59) 
so that the terms involving heavy sneutrinos will get an extra suppression from the mixing matrix.
Therefore, the contribution of graph (e) and (f) is dominated by the term that only includes the light sneutrinos so that
Employing the squared-mass difference between the two light sneutrinos in Eq.(30), the above expression can be approximated as
where the squared-mass differences are
Assuming A µµ = A ee ≡ A and B µµ = B ee ≡ B, the squared-mass differences of light muon sneutrinos and light electron sneutrinos are
so that Eq.(73) then simplifies to
The contribution from graph (g) and (h) 
while the terms including one light and one heavy sneutrino are roughly
where ∆M 2 ν i is the heavy sneutrino squared-mass difference
Under our approximations,
The terms including two heavy sneutrinos are roughly
Comparing the M R dependences of Eq. (77), (78) and (81), we see that the dominant term is the one involving two heavy sneutrinos. Thus the contribution from graph (e) and (f) can be approximated
Combining the various contributions, the effective coupling constant is thus roughly given by
The first term in Eq. (83) 
For instance, assuming
then the right-handed neutrino mass scale is about
In this case, the first terms in Eq.(83) is roughly
The second term in Eq.(83) depends on the light sneutrino squared-mass difference ∆m 2 ν , which can be written in terms of light sneutrino mass splitting ∆mν by
where mν is the mass scale of light sneutrinos. So doing the second term in Eq.(83) can be written
Reference [15] provides an upper limit on the sneutrino mass splitting by calculating the one-loop correction to the neutrino mass. Assuming that this correction is no larger than the tree result gives
Relaxing this absence of fine tuning constraint can substantially enhance the contribution of the graph (e) and (f). Taking the sneutrino mass splitting to be of the same order as sneutrino mass
and mν µ , mν e to be the common mass scale mν gives
Eq.(90) can then be written as
The function Table 3 : Experimental lower limits on SUSY particle masses Fixing the wino mass to its lower limit in Tab.3 When mν = 94.0GeV, which is allowed by the experimental limit in Tab.3, the contribution of graph (e) and (f) reaches its maximum so that
Finally, the third term in Eq.(83) depends on the heavy sneutrino squared-mass difference
Since we assume that M R is the largest mass scale, ∆Mν can't be arbitrarily large. Taking parameter B one order of magnitude smaller than M R , the heavy sneutrino mass splitting is
20
The contribution of graph (g) and (h) can then be written as
When tan β is very small the contribution can get large and even reach the experimental limit Eq.(68). In this case, the experimental limit of muonium-antimuonium oscillation provides an inequality relating tan β and m ν , which is given by
This inequality translates into a lower bound of tan β for different light neutrino masses m ν :
The lower limit on tan β as a function of light neutrino mass scale m ν is shown in Fig.3 . and assuming tan β ≥ 10 −4 , the contribution of graph (g) and (h) is 3g 4 2 m 2
Thus, except for the case of very small tan β, the second term in Eq. (83) is the dominant contribution for a wide range of the parameters and its maximum is roughly two orders of magnitude below the sensitivity of the current experiments.
The constraints from the muon and electron anomalous magnetic moment experiments
One has to be careful about other constraints on the model parameters. Examples of such potential constraints come from the measurements of the muon and electron anomalous magnetic moments.
The correction to the muon anomalous magnetic moment in the model under consideration is found by calculating the one-loop graphs shown in Fig.4 . The muon anomalous magnetic moment contributed from the above graphs is
, and
With assumption that M R is the largest mass scale, the dominant contribution of the graphs in Fig.4 to
The second and the last three terms are all decreasing functions of slepton ,chargino and neutralino masses. We can use the experimental bounds in Tab.3 to calculate the maximum values of these terms yielding
The maxima of these terms are all about one order of magnitude smaller than the present experimental bound on the contribution to a µ = 1 2 (g − 2) beyond the standard model [16] :
The first and third term both depend on the light neutrino mass scale m ν and get suppressed. For instance, using the assumptions Eq.(85) and Eq.(86), the first and third terms are
large if tan β is very small. Therefore, the experimental bound on the muon magnetic moment will provide an inequality on tan β and m ν , wihch is given by 
In analogy to the muon case, this experimental limit will also generate an inequality relation of m ν and tan β given by 
This inequality is illustrated in Fig.7 . From Fig.2 , Fig.5 and Fig.7 we see that for the model we are considering, the muoniumantimuonium oscillation experiment gives a more stringent constraint on tan β than the muon and electron anomalous magnetic moment experiments.
Conclusions
We have calculated the effective coupling constant of the muonium-antimuonium oscillation pro- sneutrinos and Higgsino h − B is dominant if tan β is very small. In this case, the contributions can even be large enough to reach the present experimental bound. Therefore, the experimental bound can provide an inequality on the model parameters, which can be translated into a lower bound on tan β as a function of light neutrino mass scale m ν . The constraints from the muon and electron anomalous magnetic moments were also investigated. For this model, the muonium-antimuonium oscillation experiments give the most stringent constraints on the parameters.
